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1. Introduction and statement of main results

Trapped surfaces were introduced in general relativity by R. Penrose [12] to study sin-
gularities of spacetimes. They appeared in a natural way earlier in the work of Blaschke,
in the context of conformal and Laguerre geometry [1]. These surfaces play an extremely
important role in general relativity where they are of central importance in the study
of black holes, those regions of spacetime where everything is trapped, and nothing can
escape, even light. A closed embedded spacelike 2-surface of a 4-dimensional spacetime is
said to be trapped if its mean curvature vector is everywhere timelike. The limiting case
of marginally trapped surfaces, i.e. surfaces whose mean curvature vector is everywhere
lightlike, play the role of apparent horizons of black holes. Mathematically, marginally
trapped surfaces are regarded as spacetime analogues of minimal surfaces in Riemannian
geometry. Even though they received considerable attention both from mathematicians
and physicists, these surfaces are still not very well understood. For a recent survey on
marginally trapped surfaces, see the book by B.Y. Chen [3].

What we will try to argue in this paper, and to show through fundamental examples,
is that:

(A very huge class of) marginally trapped surfaces arise naturally from a ‘lightlike
co-contact structure’, exactly in the same way as Legendrian fronts arise from a contact
one (by projection of a Legendrian submanifold to the base of a Legendrian fibration),
and there is an adjunction relationship between both notions.

In addition, a huge class of marginally trapped surfaces correspond by adjunction to
hedgehogs (envelopes parametrized by their Gauss map) and can thus benefit directly
from contributions of hedgehog theory, which can be seen as an extension of the Brunn—
Minkowski one (see e.g. [10]). This correspondence is naturally promising in terms of
new geometric inequalities, and we know how important geometric inequalities are in
gravitation. We will give examples of geometric inequalities involving hedgehogs and
marginally trapped surfaces in Subsection 1.2.

In order to explain precisely what we mean here by a ‘lightlike co-contact structure’,
let us begin by the presentation of a fundamental example in the 4-dimensional Lorentz—
Minkowski space L*. This example will be detailed in Subsection 1.3.

1.1. Marginally trapped hedgehogs or co-hedgehogs in L4

1.1.1. Characterization and definitions in L4

For simplicity, we will restrict our presentation to surfaces in L* but our results
extend, without much change, to higher dimensions. To any h € C'* (SQ; R) corresponds
the envelope My, of the family (P, (u)),cqe of cooriented planes of R?* with equation (E)
(w,u) = h(u), where (.,.) is the standard scalar product on R3. We say that H is the
hedgehog with support function h. From (FE) and the contact condition (dz,u) = 0, we
deduce
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{ (w,u) = h (u)
(x,du) = dhy,,

for all u € S2. Thus, it appears that #; can be parametrized by xj : S? — R3, u —
h(u)u+ (Vh) (u), where (Vh) (u) stands for the gradient of h at u. The parametrization
xp, can be interpreted as the inverse of its Gauss map (if u is a regular point of z;,, then u
is normal to Hj, at @ (u)). Note that (Hpit),cp is a family of parallel hedgehogs in R3:
for all (u,t) € S x R, x4 (u) = zp, (u) + tu.

Now, we claim that:

To the differential dh of h corresponds naturally a ‘marginally trapped hedgehog’ of
the Lorentz Minkowski 4-space L* = (R4, (. >L) via a ‘lightlike co-contact condition’.

Here, the pseudo-scalar product (.,.), is defined by
(z,t), (@', 1)) = 212} 4+ 2ol + yaly — tt,

for all (z,t) := ((v1,72,23),t) and (2/,t') := ((#] 2b,25),t') in R* = R® x R. Indeed,
dh determines the family (Lp+ (1)), 4)es2r Of oriented null lines of IL* defined by:

Y (u,t) € S xR, Liys (u) = {lpye ()} + R (u,—1),

where lp4¢(u) = (Vh(u),h(u)+1t); and this family of null lines determines a
‘marginally trapped hedgehog’, which is unique up to translations parallel to the time
axis, via a ‘lightlike co-contact condition’:

Theorem 1 (Determination of marginally trapped hedgehogs of L* by 1-jet and co-contact
condition). For allt € R,

(i) there is a unique map = : S* — L* of class C* satisfying x (u) € Ly (u) for all
u € S? together with the ‘lightlike co-contact condition’

(0(dx),ur)p, =0,

where § is the Hodge codifferential on S* (i.e. the formal adjoint to the exterior
differentiation d) and uy, := % (u, —1), namely
=y, :S* > LY u s Uyt (w) + 6 (0h) (v) ur,

where Oh (u) = dh//2;

(ii) this map x : S* — L* is such that z*g = 1 (R; — R2)? g, where gg is the standard
metric on S%, g the first fundamental form on x (SQ), x*g the pullback of g along
x and Ry (u), Re (u) the principal radii of curvature of Hp at xp, (u);
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(iii) for all u € S*, Az (u) € Rur, where A is the Hodge Laplacian on S?, so that
the mean curvature vector of x (82) at x (u), say H, (u), is parallel to the lightlike
vector u_g whenever xy, (u) is not an umbilical point of Hy,, that is:

Vi€ S {u e SRy (u) = Ry (w)}, H, (u) € Rirf.

Of course, the Hodge-Laplacian of a C*°-map = : S? — L, u — (z; (u))?:1 is un-
derstood to be the vector function AX : §? — L%, u +— (Az; (u))?zl, where Az; is the
Hodge-Laplacian of the coordinate function x; in the intrinsic metric on S?, (1 <14 < 4).

Definition 1. For all ¢ € R, we call Hy, ,, = xy,,, (S?) the (marginally trapped) hedgehog
with support 1-jet lj4s : S — J* (S?), u— (VA (u), h(u) +t).

Note that /20 stands for the Hodge Dirac operator D = d + ¢ on S? and that the
datum of dh := dh//2 is equivalent to the one of the family of 1-jets (Ih+t)ers Where

lhtt == (Vh,h +t). All the marginally trapped hedgehogs of the family ('thyﬁ) e

ar
teR

— = —

equal up to translations parallel to the time axis R ; in L*, where 0; := (ORs, 1), since:

for all (u,t) € S* xR, x4, (u) = zy, (u) +t5t>. Therefore, this family can be regarded as
one and only one marginally trapped hedgehog defined up to a translation parallel to the
time axis R 9; in LL*. This hedgehog will be denoted by Hap, where Oh := dh/+/2. The
factor 1/+/2 is chosen so that the hedgehog with support function 9%h := 9 (9h) coincides
with the mean evolute of H;, (see Subsection 1.2 for details and a precise definition of
the mean evolute).

These remarks make natural the following definition:

Definition 2. We call Hp;, the marginally trapped hedgehog (or, co-hedgehog) of L* with
support differential Oh := dh/+/2. Anyone of the marginally trapped hedgehogs Hy, .,
(t € R), will be regarded as a representative of Hpy, in L. We will say that Hpy, is the
co-evolute of Hj, in L4.

Thus, once the lightlike ‘co-contact condition’ (0 (dx),ur), = 0 is fixed, the
(co)hedgehog Mgy, is defined in L* as the ‘co-envelope’ of the family of oriented null
lines determined by its support differential Ok in the same way as, once the contact con-
dition (dz,u) = 0 is fixed, the hedgehog H, is defined in R? as the envelope of the family
of cooriented planes determined by its support function h. Of course, it is important to
note that H;, and Hyy, are not assumed to be embedded surfaces of respectively R? and
L*: H; and Ha, may possibly be singular and self-intersecting. Note that regularity
assumptions on the support function h can be weakened in many cases. For instance, to
define the co-envelope Hpp, in L* we only need to assume that A is of class C? on S2.

In everyday language, hedgehogs are spiny mammals. Note that Langevin, Levitt and
Rosenberg chose to call Hj, a hérisson [6], which is the French name for hedgehog, to
illustrate the fact that, in each direction u € S?, there is one and only one ‘normal’



324 Y. Martinez-Maure / Advances in Applied Mathematics 101 (2018) 320-353

Ny, (u) := zp (u) + Ru pointing out from Hj (as, in each direction, a unique spine is
pointing out from the skin of the spiny mammal). Similarly, it is worth pointing out,
that, in each null direction uy, := % (u,—1)) € (S? x {~1}) /V2 C S, there is one and
only one null line Ly, (u) := xpp (u) + Rur that is normal to the co-envelope Hoy, in L4

1.1.2. Geometrical interpretation of co-hedgehogs of L*

First, let us remind some basic facts about the curvature of hedgehogs of R3. Since the
parametrization xj, : S — Hj, C R? can be regarded as the inverse of the Gauss map,
the Gauss curvature Kp, of Hj at xp (u) is given by Kp(u) = 1/ det [T, xp], where Tp,xp,
is the tangent map of x; at u. Therefore, singularities of #; are the points at which its
Gauss curvature becomes infinite. For all u € S?, the tangent map of x;, at the point u is
Tz = h(u) Idr,s> + Hj!, where H}! is the symmetric endomorphism associated with the
Hessian of h at u. Consequently, if A; (u) and A2 (u) are the eigenvalues of the Hessian
of h at u then Ry (u) := (A + h) (u) and Rs (u) := (A2 + h) (u) can be interpreted as
the principal radii of curvature of H;, at xp, (u), and the so-called curvature function
Ry, :=1/K}, is given by

Ry, (u) = det [Hij (u) + h (u) 6i;] = (R1R2) (u),

where d;; are the Kronecker symbols and (H;; (v)) the Hessian of h at u with respect to
an orthonormal frame on S?. In computations, it is often more convenient to replace h
by its positively 1-homogeneous extension to R? \ {0}, which is given by,

o) i=lalln (2.

for z € R3\ {0}, where ||| is the Euclidean norm on R3. A straightforward computation
gives:

(i) x, is the restriction of the gradient of ¢ to the unit sphere S?;
(ii) For all u € S%, the tangent map Tz, identifies with the symmetric endomorphism
associated with the Hessian of ¢ at u.

In order to bring out our geometrical interpretation of the co-evolute Hsp, we now
give another expression for z;, . For all u € S, we have
iy, (u) :=ln (u) + 6 (0h) (w) up = (Vh(u), h(u)) + ——

= (Vh (u) + AhT(u)mh (u) — %(u))

= (.%‘h (u) — R(l,h) (u) u, R(l,h) (u)) = (Ch (u) 7R(1,h) (u)) 5
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where ¢p, (u) is the midpoint of the focal segment (which connects the two centers of
principal curvatures of Hy, at zj, (u)) and, Ry ) == h — &% = 1 (R + R) is the mean
radius of curvature of Hj, (for the interpretation of R, ;) as a mixed curvature function
see e.g. [9]). Therefore, for all u € S?, x;, (u) can be interpreted geometrically as the
(possibly reduced to a point) middle sphere of H;, at xj (u) that is cooriented by the
vector u, which is normal to it, by identifying L* to the so-called Laguerre space, say %,
of cooriented spheres and (non-cooriented) point spheres of R? via the bijection

L*—> %
(a,r) = S(a;7),

where S (a;7) denotes the sphere of radius |r| centered at a that is cooriented by its out-
ward (resp. inward) pointing normal if » > 0 (resp. r < 0) holds, and the (non-cooriented)
point sphere {a} if r = 0 holds. Thus:

Proposition 1. The co-evolute Hop of Hy can be regarded as the locus of all the (possibly
reduced to a point) cooriented middle spheres of Hj, C R® in L4 = ¥,

1.1.3. Relationship with Laguerre geometry

Laguerre geometry in R® is based on oriented planes, cycles (i.e., oriented spheres
and points regarded as unoriented spheres of radius zero) and oriented contact between
them. The orientation is determined by a unit normal vector field or, equivalently, by
a signed radius in the case of a sphere. An oriented sphere or an oriented hyperplane
of R? is said to be in oriented contact with another oriented sphere or hyperplane if
they are tangent and moreover if their unit normals coincide at the point of tangency.
An unoriented point sphere is said to be in oriented contact with an oriented sphere or
hyperplane if it is contained in it. An affine Laguerre transformation of L* 2 ¥ is an
affine transformation A (x) := L(x) + C of L*, where L is a linear transformation that
preserves the pseudo-scalar product (.,.), (ie., £ € O(3,1)), and thus the tangential
distance between spheres, and C is a vector of L.

Classical references on sphere geometries of Laguerre and Lie are Blaschke’s book
[1] and, for a modern account, T. Cecil’s book [2]. In these two references, it is shown
that Laguerre geometry in R3 can be built as a subgeometry of Lie sphere geometry. The
subgroup of ‘Laguerre transformations’ then consists of those Lie sphere transformations
that map planes to planes. Each of these Laguerre transformations corresponds to an
affine Laguerre transformation of IL* (as we have defined them above).

Laguerre geometry of surfaces studies properties and invariants of surfaces of R? under
the Laguerre transformation group. It has been extensively developed by Blaschke and
its school [1]. Let us consider the case of hedgehogs of R®. Let £ be an open domain
of S§% such that z;, : © — R3 is an umbilic-free (piece of) hedgehog H; with support
function h € C* (©;R). The geometric invariants of the (co)hedgehog Han = z;, (2)
of L* are exactly the Laguerre invariants of the original hedgehog Hj. The conformal
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immersion z;, : Q0 — L*, which we consider as a natural parametrization xap, : Q — L*
of the co-evolute Hpy, of Hj,, assigns to each u € Q the point of L* corresponding to the
oriented middle sphere or unoriented middle point S (cj (u); Ri1,py (u)) € L* = X that
is in oriented contact with the oriented support plane of Hy at xj (u). It will be called
the Laguerre Gauss map of zj, : Q — R3.

Note that the set of marginally trapped hedgehogs Hsp = i, (82) of *, identified
with their support differentials Oh := dh/ V/2, constitute a real linear space, say OH. The
surface area of marginally trapped hedgehogs of L* defines a particularly interesting
Laguerre invariant functional on OH, the so-called Laguerre functional:

L: OH—R

1
Oh s L (9h) := 1/ (Ry — Ry)*do = / (R%Lh) - Rh> do,
S2 S2

where ¢ is the spherical Lebesgue measure on S2, Ry, the mean radius of curvature,
and Ry the curvature function of H;. For any h € C* (;R), L (0h) will be called the
Laguerre area of Hp, and will sometimes be denoted by L (zp,).

The surface area element of Hgy, can be interpreted in R3 by considering the mean
surface of Hp, say My, which we define as the (possibly singular and self-intersecting)
surface that is parametrized by c;, : S — R3, u + ¢, (u). Indeed, if we denote by duy, (u)
the corresponding surface area element of this mean surface My, then it is pure routine
to check that:

(R%Lh) - Rh> (u)do (u) can be regarded as the orthogonal projection of dup (u)
into the plane that is parallel to the support plane Py (u) of Hp and passes through
Ch (u) € My,

The following theorem is a first step towards a ‘Brunn—Minkowski theory’ for
marginally trapped hedgehogs, which will be the topic of our next subsection.

Theorem 2. The map VL : 9H — Ry ,0h — /L (0h) is a norm associated with the
scalar product

L: (0H)° =R,

(0f,09) — L(9f,09) := /S (R Beg = Bir.g) do,
where Ry denotes the mized curvature function of hedgehogs (see e.g. [9] for a detailed
definition and fundamental properties of R(. ).
In particular, for all (3f,8g) € (OH)?, we have

VLOf +9g) < VL(9f) + VL (9g),

and



Y. Martinez-Maure / Advances in Applied Mathematics 101 (2018) 320-353 327

L(9f,99)* < L(9f) L (9g),

with equalities if, and only if, Hoy and Hay are homothetic (here, “homothetic” means
that there exists (A, ) € R?2 — {(0,0)} such that \Of + pdg = 0).

The scalar product L (0f, 0g) will of course be called the mized Laguerre area of Hay
and Hag, and will sometimes be denoted by L (z, ).

We will return to the Laguerre geometry of hedgehogs in the framework of contact
geometry.

1.2. Relationship with the Brunn—Minkowski theory

Classical hedgehog theory is an extension of the Brunn—Minkowski theory. The rela-
tionship between hedgehogs and marginally trapped surfaces is thus very promising in
terms of new geometric inequalities. We already mentioned two fundamental geomet-
ric inequalities for marginally trapped hedgehogs in our Theorem 2. Here, it is worth
pointing out how important geometric inequalities are in gravitation since they pro-
vide information on the relationship between physically relevant magnitudes in a robust
way. We will see that marginally trapped hedgehogs arise naturally in a 3-dimensional
equivalent of a classical geometric inequality for hedgehogs of the Euclidean plane.

Classical isoperimetric inequalities involving evolutes for hedgehog curves are involv-
ing (co)evolutes for hedgehog surfaces

In [8] the author already introduced Hap as a hedgehog with support differential
Oh := dh/+/2 but without precisely grasping the essence of the co-contact structure. Let
us recall how marginally trapped hedgehogs appeared in order to play the role of evolutes
in a natural 3-dimensional equivalent of a known upper bound of the isoperimetric deficit
of plane hedgehog curves in terms of signed area of their evolute.

H. Geppert was the first to introduce hedgehogs in R? and R?® (under the German
names stitzbare Bereiche and stitzbare Flichen) in 1937 [5] in an attempt to extend
parts of the Brunn—Minkowski theory. Many classical inequalities for convex curves find
their counterparts for hedgehogs. Of course, adaptations are necessary. In particular,
lengths and areas have to be replaced by algebraic versions. For instance, Theorem 3
below extends the isoperimetric inequality L? — 47rA > 0, which holds for any planar
convex body K with perimeter L, and area A, to any hedgehog H; of the Euclidean
plane R2, and gives an upper bound of the isoperimetric deficit in terms of signed area
of the evolute.

Theorem 3 (/7, Prop. 6, upper bound of the isoperimetric deficit in terms of signed area of
the evolute]). For any h € C* (Sl; R), let Hy, be the hedgehog of R? with support function
h (i.e. the envelope of the family of cooriented lines with equation (x,u(6)) = h(0), where
u(0) = (cosb,sinfh)). We have:
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0 < U(h)? — 4ra(h) < —4ma (0h) = —4ma (h, 0°h), (I)

where 1 (h) is the length of Hy, a (k) its area, Oh () := h' (§ — F) the support function
of its evolute Hop, 0%h := —h' the one of its second evolute Hg2p,, and a (h, 32h) the
mized area of Hy and Hazp. In each inequality of (I), the equality holds if and only if
Hp, is a circle or a point.

The isoperimetric inequality L? — 47 A > 0 admits the following 3-dimensional equiv-
alent. Given a convex body K in the Euclidean 3-space R?, with surface area S and
integral of the mean curvature M, the first Minkowski inequality for mixed volumes
ensures that

M? — 478 > 0,

where equality holds if and only if K is a ball (see e.g. [13]). In [8] the author proved the
following 3-dimensional equivalent of Theorem 3:

Theorem 4 (/S, Theorem 1, upper bound of the ‘deficit’ M? — 4xnS in terms of signed
area of the co-evolute surface]). For any h € C* (82;R), let Hy, denote the hedgehog of
R? with support function h, (i.e. the envelope of the family of cooriented planes with
equation (z,u) = h(u) in R®). We have:

0 < m(h)* — 4ws(h) < —4xs (Oh) = —4ms(h,d°h) , (I

where m(h) is the integral of the mean curvature of Hp, s(h) its signed surface area,
s(Oh) the signed surface area of Hap, and s(h,(‘?zh) the mized surface area of Hp and
of its mean evolute Hazp,. In each inequality of (II), the equality holds if and only if Hy,
is a sphere or a point.

Here, the signed surface area s(Oh) is the opposite of the Laguerre area L (Oh), which
we have introduced in the previous subsection. In other words, s (0h) = —L (Oh). Besides,
V20 stands for the Hodge Dirac operator D = d + ¢ on S?, where d is the exterior
differentiation and 6 = —xdx the codifferential, so that Ok = dh/v/2 and 82h = 16 (dh) =
%Ah(u). Recall that the mean evolute of Hy, is the envelope of the family of planes parallel
to the support planes to H; and passing through the midpoints of the focal segments
(which connect the two centers of principal curvature of H; in R?). Now in the planar
case, O can be interpreted as the Hodge-Dirac operator D = d + 6 on S'. Indeed, dhy =
h’ (0) df can be interpreted as the support function 0k () of the evolute Hgp, in the sense
that Hap, is the envelope of the family of cooriented lines with equation (z,u’ (0)) = h' (),
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and D?h = —h”. Thus, in this equivalence between these two isometric inequalities (for
hedgehog curves and surfaces), we have the following correspondences:

Hedgehog curve Hj, in R? Hedgehog surface Hj, in R3
10 10

Co-evolute surface of Hj, in L4
Evolute curve Hgyp, in R? (Marginally trapped hedgehog Hapn)

10 10

Second evolute curve Hgzp, in R2[ Mean evolute surface Hgzj, in R?

where \/n0 denote the Hodge-Dirac operator D = d + § on S™, with respectively n = 1
and 2 for curves and surfaces.

Remark in the 3-dimensional case. For any h € C*(S%R), we have the following com-
mutative diagram:

Transition to the envelope in R3 of
Hon C L4~y (P (“))uesz , where P (u) is the plane
middle spheres-points of Hp, through the center of the sphere X gp (u)
that is cooriented by u, (u S 52)

Transition to (cooriented)

e N\
Hn C R3 — Ho2p C R3
Transition to

the mean evolute

Passage over into the spacetime and reincarnation in R3. The marginally trapped hedge-
hog Hap can be thought as the ‘Hodge-Dirac evolute’ of H;,. This evolute therefore lives
in L* (and not in R3) whereas the mean evolute of H; (which can be thought as the
‘second Hodge—Dirac evolute’ Hgz;, of Hy, or equivalently, as the ‘first Hodge—Dirac evo-
lute’ of Hap) does live in R3. For any h € C*°(S%;R), we can thus consider the sequence
(Honn),en of ‘hedgehogs’, which is such that:

(i) for any even n = 2k, (k € N*), Hg2xp, is the (ordinary) hedgehog of R? that is the
mean evolute of Hgzx-1)), C R?;

(ii) for any odd n = 2k + 1, (k € N), Hger+1;, is the (marginally trapped) hedgehog of
L* that is the co-evolute of Hgex), C R3.
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The support vector field of # gp. For any h € C* (Sz; R), let 8? denote the vector field
that corresponds to the 1-form dh := dh/+/2 by the canonical musical duality:

VX e TS?,  (9h) (?) —g ((%,X) —ahX,
where g : (Xz, ?) =g (7, l_/)) = 27 denotes the standard metric on S2.

Similarity of formulas for hedgehogs and (co)hedgehogs

Theorem 5. For any h € C* (Sz;R), the signed surface area s(Oh) of Han can be ex-
pressed in the following forms:

s(0h) = /S ((%)2 - (82h)2> do = /S Oh.0R (1 pydo,

where o is the spherical Lebesque measure on S%, 8*h the support function of the mean
evolute of Hp, and Ry )y the mean radius of curvature of Hp,.

It is worth noting the similarity with the known formulas for the signed surface area
of a hedgehog H;, of R3:

s (h) = /S (h2 - (%)2> do = /S h.Rypdo,

where h € C? (SQ;R).
Let us recall the proof of these two last inequalities. From the definition

s(h):/ Rydo,
S2

we obtain s (h) = [s, h.Rq pydo by the symmetry of the mixed volume (see e.g. [7]), and
2
then s (h) = fSQ <h2 — ((ﬁ) ) do by integrating by parts.

In the same vein as Theorem 5, we can notice that the signed surface area of the mean
evolute Hgzj, of Hy, is given by:

5 (0°h) = /S (@) - o (@n)?) do = /S (1) 9 Roupydo.

From the above formulas, we deduce that the mixed surface area of two hedgehogs
Hs and Hy of R? is given by:

— =
s(f,9) = /52 (fg - 8f-8g) do = /82 [-Rq,gydo = /82 9-R,pdo.
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Now, the integration by parts formula can be written as

8_])".3—>ng = f.0%gdo
s2 s2

for all (f,g) € C* (Sl;R)z. Therefore

s e
Of.OR 1 g do :/ f.O°R(y gdo :/ f-R1,p29do = s (f,0%9),
S2 S2 S2

and so, by the symmetry of the mixed surface area of hedgehogs,

=
|07 OR(gdo = s (9%9, f) = /S %R, pdo,

and again by the integration by parts formula
— - —
/ 6f.6R(1’g)d0' = / 6g.8R(1,f)da.
2 2

Thus, we have deduced the following corollary to Theorem 5.

Corollary 1. For any (f,g) € C* (82;R)2, let s(0f,0g) denote the mized surface area
of Hay and Hay, that is s(Of,0g) = —L(0f,0g). This mized area s(Of,0g) can be
expressed in the following forms:

= — - —
s(0f,0g) = /gz Of.OR( gdo = /gz 09.0R 1 pydo = s (f, 9%g9) = s(0°f,9),

where o is the spherical Lebesque measure on S2.
In particular, the mized surface area of the marginally trapped hedgehogs Hay and

Hag is equal to the mized surface area of the (ordinary) hedgehogs Hy and Haz,, which

g’
is the mean evolute of H,.

Hedgehog theory is not restricted to Euclidean spaces

Of course, the classical hedgehog theory is not restricted to Euclidean spaces. In [4],
F. Fillastre introduced and studied ‘Fuchsian convex bodies’, which are the closed convex
sets of the Lorentz-Minkowski space "1 that are globally invariant under the action of
some Fuchsian group. In particular, he gave a ‘reversed Alexandrov—Fenchel inequality’
and thus a ‘reversed Brunn—Minkowski inequality’. In [11], the author gave a detailed
study of plane Lorentzian and Fuchsian hedgehogs and also proved a series of Fuchsian
analogues of classical geometrical inequalities (which are also reversed as compared to
classical ones).
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1.3. Synthetic and comparative co-presentation of hedgehogs and (co)hedgehogs

In this section, we will now compare carefully the definitions of hedgehogs in R? and of
(co)hedgehogs (i.e., marginally trapped hedgehogs) in L%, and then for the convenience
of the reader, we will summarize schematically our comparison in tables.

As recalled in Subsection 1.1, the datum of any h € C*° (SQ; R) determines the hedge-
hog Hy, in R? as the envelope of the family (P, (u)),, s of cooriented planes with equation
(x,u) = h(u), (u € 82). Analytically, taking the envelope of P amounts to solving the
following system of equations

{ (@,u) = h (u)
(x,du) = dhy,

for all w € S?, where the second equation is deduced from the first via the contact
condition (dz,u) = 0 (and thus by performing a partial differentiation with respect
to u).

Now, as we saw in Subsection 1.1, the datum of dh := dh/\/§ determines the
(co)hedgehog (i.e., marginally trapped hedgehog) Hgn in L* as the co-envelope
of the family (Lp4¢(u))(, yesexr of oriented null lines defined by Lpii(u) =
{(Vh (u),h(u) +t)}+Rug. Analytically, taking the co-envelope of £ amounts to solving
the following system of equations

{ (@, ur), = (h(u) +1) /v2
(S) <m7duL>L = 0h (U)

<IE, AuL>L =0 (dh) (u) )

for all (u,t) € S? x R, where the third equation is deduced from the two first ones
via the co-contact condition (Az,ur); = 0 (or, equivalently, by performing a partial
codifferentiation with respect to w in the second equation). Here, the Hodge-Laplace
operator of a vector function X : §? — L4 u — (X; (u))?:1 is of course understood to
be the vector function AX : §? — L% u — (AX; (u))?zl, where AX; is the Hodge—
Laplace operator of the coordinate function X; in the intrinsic metric on S?, (1 <i < 4).
Note that the system formed by the two first equations of (S) simply traduces the fact
that * € Lpy¢ (u). The second equation can be deduced from the first by using the
condition (dz,ur),; = 0 (and thus by performing a partial differentiation with respect
to u).

For any h € C* (SQ;R), we therefore have the following comparison table between
both definitions:
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The hedgehog Hj, can be defined
in R? as the envelope of the family
(Pn (u)),cs2 of cooriented planes
with equation (z,u) =h(u).

The (co)hedgehog Hap can be defined

in L* as the co-envelope of the family
(L4t (0) (4 yeszxr Of oriented null lines
defined by :

Lpyi (w) :={(Vh(u),h(u)+t)} +Rur.

(1) (z,u) = h(u)

[ via the contact condition

v (d) (dx,u) =0

or a partial differentiation
with respect to u]

(2) (z,du) = dhy

(La) (z,ur), = (h(u)+1)/V2

(via (dz,ur), =0 or a partial
differentiation with respect to u)

(1.b) (x,dur);, = Oh(u)

(via the co-contact condition
b0 (o(dr),ur), =0,

or a codifferentiation with respect to u)

(2)  (z,Aug) =0 (dh) (u)

For every u € S?, the system

For every (u,t) € S? x R, the system

(1)=(1.a) and (1.b): =z € Lp4y (u)

implies = (Vh(u), h(u) +t) + §(0h)(u) ur,

In the absence of singularities,
xp 0 S? = Hp, u— h(u)u+ Vh(u)

can be interpreted as the inverse
of the Gauss map of Hy,.

In the absence of umbilical points,
Zon : Q@ — Hon, u — Iy (u) + 6(Oh)(u) ur

can be interpreted as the Laguerre Gauss
map of zp : @ — R3.

The cooriented support plane Py, (u) is determined by h (u) u and thus by the value
of the support function h at u, and zj (u) is then determined on Py, (u) by the contact
condition which imposes zp, (u) — h (u)u = Vh (u). Analogously, the oriented support
null line Ly, (u) is determined by Ij, (u) and thus by the value of the support differential
Oh at u, and gy (u) is then determined on Ly (u) by the co-contact condition which

imposes zop, (u) — Iy (u) = 6 (Oh) (u) ur:
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< Lp(w)

Xan(u)2= In(u) + 0(Ah)(u)uL

D*h(uw)(u, —1) = 3(dh) (w)ur,

0 )

The role of (d) and (d) in the determination of #;, and Hay,

The contact condition (d) allows us The co-contact condition (§) allows us
to write to write (x, Aur), = A((z,ur);)
(x,du) = d ({x,u)). provided that (dx,up) = 0.

What is meant by the contact and co-contact conditions (d) and ()

Recall first that, for every C2-map z : S? — L* and every u € S?, Az (u) = § (dx) (u)
can be interpreted as a second order derivative that measures, both in direction and
magnitude, how z (u) deviates from the average of  over an infinitesimal sphere centered
at u in S?.

Condition (d) Condition (0)
(dz,u) =0on z:S? — R3 (6 (dz),ur);, =0onz:S* - L*

For all u € S?, u is orthogonal to the For all u € S?, uy, is orthogonal in

tangent space (L*,(.,.);) to the above mentioned
Towyz (S*) = (Tuz) (TuS?) measure of deviation (in direction
in the Euclidean space (R3,(.,.)). and magnitude)Az(u)= §(dx)(u).

2. Marginally trapped hedgehogs in other spaces and generalizations
2.1. Marginally trapped hedgehogs or co-hedgehogs in M*

2.1.1. Characterization and definitions in M?*

As already mentioned, the hedgehog theory is not restricted to Euclidean spaces. For
instance, in our preliminary study of Subsection 1.1, we can replace (R?,(.,.)) by the
Lorentzian—Minkowski 3-space L2 = (RS, (o) L),Where
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! ! ! !/
(x,2"), = x12] + zowy — 2325,

for all & := (x1,22,%3) and 2’ := (2} x%,2%) in R?, and the unit sphere S? of R® by the
‘“unit sphere’

H? .= {x = (21,22, 23) € ]L3|<x,33>L =-1 },

which is a two-sheeted hyperboloid with constant Gaussian curvature —1 with respect to
the induced metric. To any h € C*° (HZ; R) corresponds the envelope H;, of the family
(Ph (v)),es2 of cooriented spacelike planes of L3 with equation (E) (z,v), = h(v). We
say that Hj, is the hedgehog of L3 with support function h. From (E) and the contact
condition (dx,v),; = 0, we deduce

{ (@,0), = h(v)
(@, dv); = dh,

for all v € H2. Thus, it appears that A, can be parametrized by zj, : H> — L3, v —
(Vh) (v) — h(v)v, where (Vh) (v) stands for the gradient of h at v. The parametrization
xp, can be interpreted as the inverse of its Gauss map (if v is a regular point of zp, then v
is normal to Hj, at x (v)). Note that (Hpie),cp is a family of parallel hedgehogs in R3:
for all (v,t) € H2 X R, xp44 (v) = zp, (v) — tv.

Now, we claim that:

To the differential dh of h corresponds naturally a ‘marginally trapped hedgehog’ of the
Lorentz Minkowski 4-space M* = (R4, (., >M) via a ‘lightlike co-contact condition’.

Here, the pseudo-scalar product (.,.),, is defined by
((z,t), (@', 1)y = 212 + zowh — w3l + 1,

for all (x,t):= ((x1,22,x3),t) and (a',¢):= ((x] 4, 25),t') in R* = R x R. Indeed, dh
determines the family (Lp+¢ (v))(, »epexp Of oriented null lines of M* defined by:

V(v,t) € H? X R, Lis (v) = lngs (v) + R (v, —1),

where Iyt (v) = (Vh(v),—h(v) —t); and this family of null lines determines a
‘marginally trapped hedgehog’, which is unique up to translations parallel to the time
axis, via a ‘lightlike co-contact condition’:

Theorem 6 (Determination of marginally trapped hedgehogs of M* by 1-jet and co-contact
condition). For all t € R, (i) there is a unique map x : H2 — M* of class C™ satisfying
2 (v) € Lpyy (v) for all v € H? together with the ‘lightlike co-contact condition’
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<§(d$)7vM>M = 07

where & is the Hodge codifferential on H? (i.e. the formal adjoint to the exterior differ-
entiation d) and vy = % (v,—1), namely

=, H> =5 M vl (0) + 6 (0h) (v) var,
where Oh (v) := dh/\/2;

(ii) this map = : H> — M* is such that 2*g = 1 (R, — Ry)’ g, where gy is the
standard metric on H2, g the first fundamental form on x (HQ), x*g the pullback
of g along x and Ry (v), Ra (v) the principal radii of curvature of Hy, at xp, (v);

(ili) for all v € H?, Az (v) € Ruy, where A is the Hodge Laplacian on H?, so that
the mean curvature vector of x (H?) at x (v), say H, (v), is parallel to the lightlike
vector Upj whenever Ty, (v) is not an umbilical point of Hp, that is:

Yo e HX {ve H2|R, (v) = Ry (v)}, H.,(v) € Riar,

Here, the principal radii of curvature of Hp at xp (v), Ry (v) and Ry (v), are defined
as the eigenvalues of zj, : T,H? — Ty yHn C T,H?2.

Definition 3. For all ¢ € R, we call H,, , = xy,,, (H2) the (marginally trapped) hedge-
hog with support 1-jet j}, : H> — J' (H?), v = (Vh (v) ,h(v) +1).

Note that v/28 stands for the HodgeDirac operator D = d + § on H? and the
datum of dh := dh/v/2 is equivalent to the one of the family of 1-jets (j}_,) where

teR?
Jiye == (Vh,h+t). All the marginally trapped hedgehogs of the family ( are

thth ) teR
= = —
equal up to translations parallel to the time axis R 9; in M*, where 9; := (O]LS, 1), since:

for all (v,t) € H> X R, w,,, (v) = 24, (v) — tgz. Therefore, this family can be regarded
as one and only one marginally trapped hedgehog defined up to a translation parallel to
the time axis R d; in M*. This hedgehog will be denoted by Hpp, where Oh := dh//2
(the factor 1/4/2 is chosen for the same reasons as in the case of marginally trapped
hedgehogs of L*).

These remarks make natural the following definition:

Definition 4. We call H;, the marginally trapped hedgehog (or, co-hedgehog) of M* with
support differential Oh := dh/+/2. Anyone of the marginally trapped hedgehogs H;,, e
(t € R), will be regarded as a representative of Hp, in M*. We will say that Hgy, is the
co-evolute of H;, in M*.

Thus, once the lightlike ‘co-contact condition’ (d (dx),var),, = 0 is fixed, the hedge-
hog Hpp, is defined in M* as the ‘co-envelope’ of the family of oriented null lines



Y. Martinez-Maure / Advances in Applied Mathematics 101 (2018) 320-353 337

determined by its support differential dh in the same way as, once the contact con-
dition (dz,v), = 0 is fixed, the hedgehog H}, is defined in L? as the envelope of the
family of cooriented spacelike planes determined by its support function h. Of course,
it is important to note that Hj; and Hg;, are not assumed to be embedded surfaces of
respectively L3 and M*: H;, and Hgj, may possibly be singular and self-intersecting.

2.1.2. Geometrical interpretation of co-hedgehogs of M*

First, let us remind some basic facts about the curvature of hedgehogs of 3. Since the
parametrization xj, : H> — H; C L3 can be regarded as the inverse of the Gauss map,
the Gauss curvature Ky, of Hy at xp, (v) is given by Kp(v) = 1/det [Tyxp], where T,y
is the tangent map of x;, at v. Therefore, singularities of H;, are the points at which its
Gauss curvature becomes infinite. For all v € H?, the tangent map of x;, at the point u
is Tyxp, = Hp(v) — h(v) Idr, m2, where Hp,(v) is the symmetric endomorphism associated
with the Hessian of h at v. Consequently, if A; (v) and A2 (v) are the eigenvalues of the
Hessian of h at v then Ry (v) := (A1 — h) (u) and Ry (v) := (A2 — h) (v) can be interpreted
as the principal radii of curvature of Hy, at xp, (v), and the so-called curvature function
Ry, :=1/K}, is given by

Rh (1}) = det [Hij (U) — h (u) (5”] = (Rle) (U) 5

where 0;; are the Kronecker symbols and (H;; (v)) the Hessian of h at v with respect
to an orthonormal frame on HZ?. In computations, it is often more convenient to re-
place h by its positively 1—homogeneous extension to the interior of the light cone
U={zecld|(z,x), <0}, that is, by

o) i= Nl (5 ).

(&P

for x € U, where ||z|, = \/— (z,z),. A straightforward computation gives:

(i) p, is the restriction of the Lorentzian gradient Ve := (§—£7 %, —g—i) of ¢ to
the unit sphere H?;

(i) For all v € H?, the tangent map Tz, identifies with the symmetric endomorphism
associated with the Hessian of ¢ at v.

In order to bring out our geometrical interpretation of the co-evolute Hgp, we now
give another expression for z;,. For all v € H2, we have

xy, (v) =1 (V) + 6 (Oh) (V) var = (VR (v),—h(v)) +

_ (w (v) + Ah;”)v, “h(v) - Ah;”)

(l‘h (U) — R(fl,h) (’U) v, R(fl,h) (’U)) = (Ch (U) ,R(,Lh) (’U)) 5
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where A is the Hodge Laplacian on H?, ¢;, (v) is the midpoint of the segment connecting
the two centers of principal curvatures of Hy at z;, (v) and, R_1p = — (h + %) =
3 (R1 4 Ry) is the mean radius of principal curvature of Hj,. Thus, for all v € H?, z;, (v)
can be interpreted geometrically as the middle pseudosphere (or possibly non-cooriented
light cone) of Hy, at xj (v) that is cooriented by the vector v, which is normal to it, by
identifying M* to the space II of cooriented pseudospheres and (non-cooriented) light
cones of L3 via the bijection

M*=13xR — 1II
(a,r):((al,ag,ag),r) — H? (a;r)v

where H? (a;7) is the two-sheeted hyperboloid (pseudosphere) with equation (z — a,
x—a)r, = —r? that is cooriented so that its upper sheet H? (a;r) := H? (a;r)N{x3 > as}
is cooriented by its future (resp. pass) pointing normal if > 0 (resp. r < 0) holds, and
the (non-cooriented) light cone with apex at a if r = 0 holds. Thus:

Proposition 2. The co-evolute Hap of Hp can be regarded as the locus of all the middle
cooriented pseudospheres (or non-cooriented light cones) of Hj, C L2 in M* = 1I1.

2.2. Towards other spaces and generalizations

As already mentioned, most of our results extend, without much change, to higher
dimensions. Furthermore, the hedgehog theory is of course not restricted to the only
two examples we have considered above. For instance, we could have adapted our pre-
sentation to Fuchsian hedgehogs, which were introduced by Francois Fillastre [4]. We
could also have considered ‘multihedgehogs’ or ‘IN-hedgehogs’ as they were introduced
by Langevin, Levitt and Rosenberg [6], provided of course that we pay proper attention
to the fact that an N-hedgehog may have parabolic points (i.e., points where their Gauss
curvature vanishes, and thus, points at which their curvature function is not defined)
for N > 2. Recall that an N-hedgehog of R? is any envelope of a family of cooriented
planes of R3 such that the number of cooriented support planes with a given coorient-
ing unit normal vector is finite and constant equal to N (at least for an open dense
set of directions). Thus 1-hedgehogs of R? are simply hedgehogs. But in fact, all these
geometrical objects of different spaces can be regarded as wavefronts of a special class
of Legendrian submanifolds (i.e. images of Legendrian maps) of a given metric contact
manifold. Before going on, we first recall some basic definitions and facts on contact,
symplectic and almost-hermitian structures, and next present and study hedgehogs and
marginally trapped hedgehogs in this setting.

2.2.1. Basic definitions and facts
Contact manifolds and metric contact manifolds

A contact structure on an oriented (2n + 1)-dimensional C°°-manifold M is the datum
of a smooth field V' of tangent hyperplanes on M, called contact hyperplanes, satisfying
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the following condition of maximal non-integrability: any (and hence every) 1-form «
defining V' (i.e. such that V = Ker (a)) satisfies a A (da)” # 0 everywhere on M. Any
1-form « defining such a maximally non-integrable hyperplane field V' on M is called a
contact form on M. Given such a contact structure (or a contact form « defining it), the
pair (M,V) (or the pair (M, «) if we want to fix the contact form defining V') is then
called a contact manifold. On (M, «), the Reeb vector field £, associated to the contact
form « is defined to be the unique smooth vector field satisfying

a(éy)=1 and €a € Ker (da) .

A submanifold L of a contact manifold (M, V) is said to be integral if T,,L C V,, for all
m € L. A Legendrian submanifold of (M,V) is an integral submanifold of (M, V) with
maximal dimension n = (dim M — 1) /2. A fibration of a contact manifold is said to be
Legendrian if all its fibers are Legendrian submanifolds.

Let i : L — E be an immersed Legendrian submanifold L in the total space of a
Legendrian fibration 7 : E — B. The restriction of w to L, that isx = 7woi: L — B
is called a Legendrian map and its image = (L) in B is called its Legendrian front or
wavefront.

Example. Unit tangent bundles of Riemannian manifolds are among the most classical
examples of contact manifolds. Let us recall briefly how this is done. Let (M,g) be a
Riemannian manifold and let

UTM ={ueTM|g(u,u)=1}

be its unit tangent bundle with canonical projection @ : UTM — M; the metric g
induces a contact form « (and thus a contact structure V') on UT'M as follows: for any
uw€e€UTM and v € T, (UTM), we let

ay, (v) = g (u, Tym (v)),

where T, 7 (v) = 7, (v) is the pushforward along 7 of the vector v. Moreover, 7 : UT' M —
M is an example of a Legendrian fibration.
In particular, if we let

n+1
gy = (u,dz) = Z w;dx;
i=0

for all (z,u) € UR™! = R*"1 xS" where (21, -+ ,Tpi1;U1, -+ ,Uny1) are the canonical
coordinate functions on UR™! = R™**! x S* C R?"*2, we obtain a contact manifold
(UR”'H; a).

A contactomorphism from a contact manifold (M7, V1) to a contact manifold (Mo, Va)
is a diffeomorphism f : M; — M that preserves the contact structure, i.e. such that



340 Y. Martinez-Maure / Advances in Applied Mathematics 101 (2018) 320-353

Tf (V1) = Vs, where T'f : TM7 — T M denotes the tangent map of f. If V; = Ker (a7),
(i = 1,2), this is equivalent to the existence of a nowhere zero function A\ : M; — M,
such that f*as = Aag.

Example. Another example of a contact manifold is defined as follows: on the manifold
TS™ x R, where the tangent bundle T'S™ is identified with

{(wp) € @) [u] = 1 and (u,p) =0}

(|l.II and {(.,.) denoting respectively the Euclidean norm and scalar product in R"*1),

we define a contact form § by putting By p,-) := dz — pdu for all (u,p,z) € TS™ x R.

Moreover

f: UR™I =Rt xS* - TS" xR
(z,u) = (u,z — (z,u) u, (x,u))

is a diffeomorphism such that f* = «, and hence a contactomorphism from (U R a)
to (TS™ x R, ).

A metric contact manifold is defined to be a tuple (M, g, a,J), where (M,g) is a
Riemannian manifold, a a smooth 1-form on M and J a section of the endomorphism
bundle End (T M) which satisfy the three following conditions:

(i) a (&) =1, where &, is the metric dual of «;
(ii) da(X,Y) =g (JX,Y) for any vector fields X, Y on M;
(iii) J2X = —X + a(X) &, for any vector field X on M.

Then (M, Ker (a)) is a contact manifold (i.e. a A (da)” # 0 on M), &, is the Reeb
vector field associated to a, J&, = 0 and g is determined by « and J through the
equality ¢ (X,Y) = a(X) a(Y) +da (X, JY), (see e.g. [14]).

Example. In the case of hedgehogs of R™*!, we will consider the metric contact manifold
(UR™, g, a,J), where g is the Riemannian product metric on UR™ ™ = R™*1 x S™ and
J:TUR"™ — TUR™ ! (X, Q) — (Q,(X,q) ¢ — X).

Hedgehogs as Legendrian fronts

Let us consider first the case where (M,g) = (R”H,gc(m), where gean = (.,.) is
the canonical Euclidean metric. Let A, be a hedgehog of R"*! with support function
h € C* (S™;R). Let us recall that its natural parametrization xj, : S* — R""1 o
xp (u) = h(u)u + (Vh) (u) can be interpreted as the inverse of its Gauss map. Thus it
appears that
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in: S"— UR™! =R x §"
w (zn (u),u)

is the immersion of a Legendrian submanifold in UR?*! of which #;, is the Legendrian
front in R™*! and x;, = moiy, the corresponding Legendrian map. Recall that on UR" !,
the contact form and the associated Reeb vector field are respectively given by

n+1
Azu) = (U, dz) Z w;dx; and & (z,u) = (u; 0, 5n)

for all (z,u) € UR™ ! where (x1, -+ ,Tpi1;Us, - ,Unyp1) are the canonical coordinate
functions on UR"*! = R**! x §* ¢ R?"+2,

Thus, hedgehogs of R**! are the Legendrian fronts of those Legendrian submanifolds
of (U R, a) whose Legendrian maps can be interpreted as the inverse of the Gauss
map of their image (i.e. of the Legendrian front).

ip
S™ — i (S") C (UR", Ker (o))

(ﬂh\ l,’/T

Hy, C R+

This can of course be adapted to hedgehogs of other spaces. We can, for instance,
replace:

« (R™1,(,.)) by the Lorentzian-Minkowski (n + 1)-space L"*' = (R"™! (,,.),),

where
n
(z, 2"y, = Zl‘kﬂ@;@ —tt’
k=0
for all z := ((z1,...,2,),t) and z := ((z},...,2,),t) in L"*! = R" x R;
e S"by H" :={z = ((x1,...,2),t) € L"™ [{z,2), = -1 };

o UR™! =R x S" by T_H" := L"t! x H",

o 25, :S" 5> Rbyz,: H* — L" v s 2y (v) = (Vh) (v) — h(v)v;
e ip:S" = UR™! by iy : H® - T_ H", v s (a3, (v) ,0);

o Qzu) DY Q) = (v,dx) and &, (z,u) by &o (2,0) := (v; 07,5 ).

Symplectic and almost-hermitian structures

A symplectic structure on a 2n-dimensional C'*°-manifold M is a closed differentiable
2-form w that is nondegenerate (i.e. such that: w(u,v) = 0 for all u € T,, M implies
v =01, ). The pair (M,w) is then called a symplectic manifold.
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A submanifold L of a symplectic manifold (M,w) is said to be Lagrangian if the
restriction of w to L is equal to 0 and dim L = (dim M)/2. A fibration 7 : E — B of
a symplectic manifold F is called a Lagrangian fibration if all the fibers are Lagrangian
submanifolds. Let ¢ : L — E be an immersed Lagrangian submanifold L in the total space
of a Lagrangian fibration 7 : E — B. The restriction of 7 to L, that isx =7oi: L — B
is called a Lagrangian map.

Given any contact manifold (M, a), there is a canonical symplectic structure on M xR,
which is given by w = d (e‘a). We say that (M x R,d (efa)) is the symplectization of the
contact manifold (M, «).

Example. The symplectization of the contact manifold (UR?’, a), where o, ) == (u, dy)
for all (y,u) € R? x S?, can be regarded as the symplectic manifold (]L4 X S2,w), where
Wiyt = d (eta(yyu)), and 77, : L* x S§? — R3, (y,t,u) — y is a Lagrangian fibration.
Moreover, for any h € C* (S%R),

In: S?xR—L*xS?
(u,t) — (xp—t (u),t,u)

appears to be the immersion of a Lagrangian submanifold £, := I, (S* x R) in L* x S2.
Note that this Lagrangian submanifold £, of IL* x S? is obtained by lifting to L* x S? the
family (in—¢),cp of Legendrian immersions ip_¢ : S* — UR®, u +— (zp—¢ (u),u) whose
Legendrian fronts zp_; (SQ) form the family of parallel hedgehogs (Hn—¢),cp in R3.

A symplectomorphism from a symplectic manifold (M;,w;) to a symplectic manifold
(M3, ws) is a diffeomorphism f : M; — M, that preserves the symplectic structure, i.e.
such that f*ws = wy.

Example. It is easy to check that
[ (L*x$%d(efa)) — (T (S*) x R2,d(e'B))
(y7 ta ’LL) — (’LL, Yy — <ya U> u, <ya ’LL> 7t)

is a symplectomorphism between the symplectizations of (URS, a) and (T (Sg) X R, B)

An almost complex manifold is defined to be a tuple (M, J), where (M, g) is a Rie-
mannian manifold and J an almost-complex structure on T'M, that is, a vector bundle
endomorphism J : TM — TM such that J? = —1. An almost Hermitian manifold is
defined to be a tuple (M, g, J), where (M, J) is an almost complex manifold and g an
almost-hermitian metric on (M, J), that is, a Riemannian metric on M satisfying:

Vme M, Y (X,Y) e (T,,M)?*, g(X,JY)=—g(JX,Y).

To any metric contact manifold (M, g, a, J), we can also associate a manifold M=

M x R which carries an almost-hermitian structure (/g\, J ) extending the one we have
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on the contact distribution V' = Ker («): indeed, (6 20, J ) is almost Hermitian if we let

g =g+ dt? j|v = Jyv, jfa = —0; and :f@t = £, where t is the coordinate on the R
factor (see e.g. [14]).

2.2.2. Marginally trapped hedgehogs of an associated Lagrangian submanifold

Given any h € C* (SQ; R), let us consider the marginally trapped hedgehog Hsy, of L*
with support differential Oh := dh/v/2. As we have seen above, (L* x §?,w = d (e'a))
can be regarded as the symplectization of the contact manifold (UR3, a), where « :=
(u,dy), 7, : L* x 2 — R3, (y,t,u) — vy is a Lagrangian fibration and I, : S? x
R — L* x S?, (u,t) ~ (w_¢ (u),t,u) is the immersion of a Lagrangian submanifold
Ly =1 (S2 X R) in L* x S2. If we endow the symplectic manifold (IL4 X Sz,w) with
the Lorentzian metric gy, := g — dt?, where ¢ is the Riemannian product metric on
UR? = R3 x S, then

ion: S?— (L4 x S2,g1)
u— (zon (u) ,u) = (Vh (u) + 0*h (w) u, h (u) — 9%k (u) , u)

is the parametrization of a marginally trapped surface Zy;, := igp (Sz) included in the
Lagrangian submanifold £, of L* x S?: indeed, Zgy, is spacelike (i.e. its induced metric is
Riemannian) and its mean curvature vector H,;,, is lightlike at each point. More precisely,
it is a routine to check that:

(i) 5,9 = (1 + i (Ry — RQ)Q) gs, where gg is the standard metric on S?, g the first
fundamental form on Zpp, i3, g the pullback of g along i, and Ry (u), Rs (u) the principal
radii of curvature of Hy, at xp, (u);

(ii) for all u € S%, H,,, (ion (u)) € R (£, — 1), where &, = (u,0,07,52), O =
(0,1,07,s2) and hence &, — 0 := (u,—1,07,52) € Tj, (yZon C L* x T,,S?. Thus, Hon
is the image of Zg;, under the projection 7y, : L* x S? — L*, and we have the following
commutative diagram:

Loh
S? — Ty, marginally trapped in £;, C (]L4 X S27gL)

Toh i
H o marginally trapped in L4,

In other words, any marginally trapped hedgehog zan : S? — Han C L* lifts to a
marginally trapped surface Zg, of the Lagrangian submanifold £ of (]L4 x $%,w, gL)
that is deduced from the family of parallel hedgehogs (Hn—t),cp-

Now, if M is another 6-dimensional C'*°-manifold endowed with a symplectic structure
wys and a Lorentzian metric gy, and if f : L4 x S2 — M is a diffeomorphism preserving
both the symplectic structure and the Lorentzian metric, then f(Zsp) is a marginally
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trapped surface of the Lagrangian submanifold f (L) of (M,war,gar). For instance, if
we use the diffeomorphism

fi L*xS?2 =T (S*) xR?
(yat7u) = (uay* <y7u> U, <y,u>,t),

to transport the Lorentzian metric gy, to a Lorentzian metric gpy on T' (SQ) x R?, then
we see that

jon: S — (T (S?) x R?,d(e'B), gm)
w— (u, Vh(u),8%h (u), h(u) — 8%h (u))

defines a marginally trapped surface jap (Sz) of the Lagrangian submanifold of
(T (S?) x R?,d (")) that is parametrized by:

Jn: SExR—T(S?) x R?
(u,t) — (ji_t (u) ,t) = (u, Vh (u),h(u) —t,1).

Let us conclude this section with a remark concerning the definition of the marginally
trapped hedgehog gy, : S — Hop C L4, where L4 is identified with X. For any u € S?,
x = xop (u) is the (possibly reduced to a point) cooriented sphere of R? that satisfies
the following system of conditions:

(1) z € Ly (u)
(2) (z,Aur) =06 (dh) (u),

(see Section 1). The first condition simply ensures that the ‘contact element’ iy, (u) :=
(zp (u),u) is in oriented contact with the sphere zgp (u) (i.e. xp (u) belongs to the
sphere zsp, (u) and wu is the unit normal to xzsp, (u) at xp, (u)). The second condition (the
co-contact one) then ensures that xsy, (u) is more precisely the oriented middle sphere
(or unoriented middle point) S (cx (u) ; R1,n) (u)).

3. Proof of the main results
We first prove Theorem 1 and Theorem 6, which is its analogue in M*.

Proof of Theorem 1. In this proof, Vg (resp. V) stands for the gradient on S? (resp.
R3), Ag (resp. A) for the Laplace-Beltrami operator on S? (resp. R? and the Laplace—
Beltrami operator of a vector function X : §? — L% u — (X; (u))?zl is understood
to be the vector function AgX : S? — L* u — (AsX; (u))?zl, where AgX; is the
Laplace-Beltrami operator of the coordinate function X; in the intrinsic metric on S?,
(1<i<4).
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(i) For all t € R, let x : S — L* be any C'* map such that
z(u) € Lpgt (u) := {lnye (u)} + Ruy,
for all u € S%. Then there exists some A € C> (SQ; ]R) such that z is of the form

Xy S? 5 L4
wr (Vsh(u), h(u) =) + A(uw) (u, =1) = (zn (u) + f (@) u, t = f (u)),

where f := X\ — h. For all u € S%, we have:
As Xy (u) = (Aszp (u) + As (f (w)u), — (Asf) (uv)).

Now, Aszp = Ag (V) = A(Ve) = V (Agp), where ¢ is the positively 1-homogeneous
extension of h to R?\ {0}, that is,

(@)= lalln ().

for # € R3\ {0}, where |.|| is the Euclidean norm on R3. Indeed, V¢ is positively
0-homogeneous on R? \ {0} and equal to zj on S?. Thus

(Agzp (u) ,u) = — (Ap) (u) = = (Agh + 2h) (u) ,
for u € S?, since Ay is positively —1-homogeneous on R? \ {0}. Besides, we have:
As (f (w)u) = (Asf) (@ u+2((Vsf) (), (Vsa:) (w)iey + f (u) (Asids:) (w)

=(Asf—2f)(w)u+2(Vsf)(u),

for all u € S?. Therefore, we have:

(AsXx (u),uL)y, =0 — (Ash+2h) (u) + (Asf —2f) (u) — (Asf) (u) =0
< —(Ash+2h) (u)+2(h—X)(u) =0
S A= _% (Ash) ('LL) )
for all v € S2. Thus
(Agh) (u)

z(u) = X (u) = lpae (u) — (u, —1) = lpat (u) + 6 (0h) (w) ur,

for all u € S2.

(ii) We know that: @ (u) = (zp (u),t)—R1,p) (u) (u, —1) for allu € S, where R(y 5y :=

h — % = % (R1 + Rs) is the mean radius of principal curvature of H,. From this we

deduce that
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(Tuz) (v) = ((Tuwn) (v),0) = (dRq,wy), (V) (u, —1) = R (u) (0,0);

and thus that

(Tuz) (v), (Tu) (V) , = ((Tuzn) (v) = Reany () v, (Tuzn) (v) = Ry (w)v)

for all v € T,,S?. Now, considering an orthonormal basis (e1,e2) of T,,S? made of eigen-
vectors of Tyxy, (i.e., (Tuxp) (€;) = R (u)e; for i € {1,2}), we conclude that: Vv € T,,S?,

(%), (0,0) 1= (L) ()., (Tu) (), = § (Br — Ba) () g (0,0)

(iii) We know that: Vu € S?, 2 (u) = (x4 (u),t) — f (u) (u,—1), where f = R p).
From this, we deduce that: Yu € S2,

(Asz) (u) = (Aszp (u) — As (f (w)u), (Asf) (uv)).

Now: Vu € S% As(f(u)u) = (Asf —2f) (u)u + 2(Vsf) (u), (see above the proof
of (i)). Besides, Agzr, = As (V) = A(Vy) = V(Ayp), where ¢ is the positively
1-homogeneous extension of h to R3\ {0} (see ib.), so that Agzy, (u) = Vg (Ap) (u) —
(Ap) (u)u=2(Vsf (u) — f (u)u) for all u € S?, since Ay is positively —1-homogeneous
on R3\ {0}, and equal to 2f on S?. Therefore: Vu € S?,

(Asz) (u) = = (Asf) (u) (u,—1) = = (AsRan)) (u) (u,—1) € Rug.

We know that under a conformal change of metric § = e2?g on a surface M2,
(v € C~ (M?*R)), the Laplace-Beltrami operator Ay transforms according to the for-
mula

Agf=e??Ayf forall feC™(M*R).

Above, we have demonstrated that z*g = % (R1 — R2) (u)2 gs = (R%Lh) — Rh> gs, where

Ry, := Ry Ry is the curvature function of Hj, and that (Agz) (u) = — (AsRa,p)) (u) x
(u,—1) for all u € S%. Therefore

AsR1n)

(Barg) (1) = =g
g R%Lh) — Ry,

(u) (u, —1)

outside umbilical points of Hj, (i.e., for all u € S? such that Ry (u) # Ra (u)). We also
know that the mean vector field of any surface X : Q C §? —» L4, u — (X, (u))f:1
is given by Hy = 1(AX) = 1(AX,)!_,, where AX; is the Laplace Beltrami op-
erator of the coordinate function in the intrinsic metric of the surface. Therefore:

Vu € S2\ {u € S?|Ry (u) = Ry (u) },



Y. Martinez-Maure / Advances in Applied Mathematics 101 (2018) 320-353 347

AsR 9°R
Ho(u) = —— =504y (4, —1) = = (u) (u,—1) € Rl O
2 (R%Lh) - Rh) (1,h) — th

Proof of Theorem 6. The steps of the proof are the same as those in the proof of Theo-
rem 1. There is just some slight changes in formulas. For the convenience of the reader,
we resume below the different steps of the proof.

In this proof, Vg (resp. V) stands for the gradient on H? (resp. L3), Ay for
the Laplace—Beltrami operator on H?, and O for the d’Alembertian (or wave opera-
tor) on L3. Let (w1,2,23) be the standard coordinates on L3. For all differentiable
function ¢ : L3 — R and all z € L3, V9 (x) thus denote the vector with en-

tries (g—;/’l (2), % (x), —g—;i (x)) in L3. For its part, the d’Alembertian has the form

0= 8%2% + % — 86—;%. Besides, the Laplace—Beltrami operator of a vector function X :

H? - M*, u s (X; (u))?=1 is understood to be the vector function Ay X : H? — M*,
u— (AgX; (u))?zl, where ApX; is the Laplace—Beltrami operator of the coordinate
function X; in the intrinsic metric on H?, (1 <14 < 4).

(i) For all t € R, let = : H> — M* be any C'*° map such that

2 (v) € Lpgt (v) := {lp+t (v)} + Ruy,
for all v € H%. Then there exists some A € C* (S R) such that z is of the form

Xy: H? - M*
v = (Vah(v), =h () =) + A (v) (v, =1) = (25 (v) + [ (v) v, = f (v) = 1),

where f := h + \. For all v € H2, we have:
Ap Xy (v) = (Apzp (v) + A (f (v)v), = (Auf) (v)).

Now, Agzn, = A (Vie) =0(Vie) = V (Op), where ¢ is the positively 1-homogeneous
extension of h to U = {x € L3 |(z,x), <0}, that is,

o (0) = llall h (W) ,

for € U, where ||z||; = /— (z, ). Indeed, Vi is positively 0-homogeneous on ¢ and
equal to x;, on H2. Thus

(Agzp (v),v), = = (0p) (v) = (-Anh +2h) (v),
for v € H?, since Oy is positively —1-homogeneous on . Besides, we have:
Ay (f W)v) = (Auf) @ u+2((Vaf) (), (Va) () )i, + f (v) (Anidez) (v)

=(Auf+2f)(w)v+2(Vuf)(v),
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for all v € H2. Therefore, we have:

(AgXy (v),vm)y; =0 < (“Agh+2h) (v) — (Auf+2f) (w) + (A f)(v) =0
& —(—Agh+2h)(u) —2(h+ ) (v) =0
S A=—35(Agh)(v),

for all v € H?. Thus

Apgh) (v
£ (1) = X0 (0) = bhae (0) — PO () — 1 (0) 4 8 (0m) o),
for all v € H?.
(ii) We know that z (v) = (zp (v),t) — R_1,n) (v) (v,—1) for all v € H?, where
R_1p) = —h+ % = %(Rl + Rs) is the mean radius of principal curvature of Hy.

From this we deduce that

(Tox) (w) = (Tuzn) (w),0) = (dR(—1,1)),, (w) (v, =1) = R—1,n) (v) (w,0)

and thus that

(Tow) (w), (Toz) (w))py = ((Tuzn) (v) = Ry (W) v, (Tuzn) (v) = R py (w)v),

for all w € T, H2. Now, considering an orthonormal basis (ey, e2) of T, H? made of eigen-
vectors of T,zp, (i.e., (Tyxy) (e;) = R; (v) e; for i € {1,2}), we conclude that: Vw € T, H?,

(x*g), (w,w) := (Tyx) (w), (Tyx) (w)), = i (R1 — R2) (u)2 gu (v,v).

(iii) We know that: Vv € H?, z (v) = (zp, (v), —t) — f (v) (v, 1), where f = R(_1 p).
From this, we deduce that: Vv € H?,

(Apz) (v) = (Agzn (v) = Ap (f (v)v), (Auf) (v)).

Now: Vo € H2, Ay (f (v)v) = (Agf+2f) (v)v + 2(Vuf) (v), (see above the proof
of (i)). Besides, Agxy, = Ay (Voe) = O(Vie) = V (Op), where ¢ is the positively
1-homogeneous extension of h toUd = {x € L?[(z,x); < 0} (seeib.), so that Agay, (v) =
Vi (Op) (v) + (Op) (v)v =2(Vaf (v) + f (v)v) for all v € H?, since Oy is positively
—1-homogeneous on U, and equal to 2f on H?. Therefore: Vv € H?,

(Apz) (v) = = (Auf) (v) (v,—-1) = = (AgR1p)) (V) (v,-1) € Ruz; .-

Above, we have demonstrated that z*g = i(Rl — R») (v)ng = (R%_Lh) — Rh> J9H,
where Rj, := RjRs is the curvature function of H,, and that (Agzx)(v) =
—(AR(_1 1)) (v) (v,—1) for all v € H2. Therefore
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AgR_1p)

(Ag=gz) (v) = —m (v) (v, —1)

outside umbilical points of H;, (i.e., for all v € H? such that Ry (v) # Ry (v)). We also
know that the mean vector field of any surface X : Q ¢ H?> — M*, v — (X; (v))?:1
is given by ﬁx = %(AHX) = %(AHXZ-)?:D where Ay X; is the Laplace—Beltrami
operator of the coordinate function in the intrinsic metric of the surface. Therefore:

Vo € HX\ {v € H?|R; (v) = Rz (v) },

AR _ O*R_
ﬁw (v) = — HAV(—1,h) (=1,h)

() (v, =1) = Zg—"5-(v) (v, -1) € Roy;. O

Let us now turn to the proofs of Theorem 2 and Theorem 5.

Proof of Theorem 2. Since the mixed curvature function R : C'*° (827 R)2 =R, (f,g9) —
R(;,4) is bilinear and symmetric, it follows that the same holds true for the mixed La-
guerre area

L:(0H)° —R
(0f,09) — /Sz (Ra1,p)R1,g) — Ripg) do

Furthermore, for all O0h € OH, we have:
(s (0h) = 0) < (H}, is totally umbilical) <= (0h = 0g%) .
This completes the proof. 0O

Proof of Theorem 5. For any h € C* (S%R), we know from (ii) of Theorem 1 (which
remains true under our present smoothness assumption) that z*g = i(Rl - R2)2 gs,
where gg is the standard metric on S2, g the first fundamental form on x (SQ), x*g the
pullback of g along z, and Ry (u), Rg (u) the principal radii of curvature of Hy, at xp, (u)
for all u € S%. Therefore

1
5(8h) = —L (Oh) = ——/ (R, — Ry)* do.
1 Je
Now R; = Ay + h and Ry = A2 + h, where A1 (u), Az (u) denote the eigenvalues of the
Hessian of h at u for all u € S?. Hence:

s (0h) = —i /S (A — Ao)2do = i/s (4(A22h) - (Ash)Q) do,

where As and Ay are respectively the Laplace—Beltrami operator and the Monge—
Ampere operator on S? (that is, respectively the sum and the product of the eigenvalues
A1, Ao of the of h). From the equality
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thO'Z/ h.R(Lh)dU,
S? s2

which is a direct consequence of the symmetry of the mixed volume, we obtain

1
22 0= —z S g,
/(A h)d /h(A h)d
S2 2 S2

after development and simplification, and then

/S2 (Agsh) do = %/S (Vh)? do = /S (87)240

by integrating by parts. It follows that:

5 (Oh) = /S<(a?) (52 ))da

Note that the integration by parts formula for functions f,g € C? (82;R) can be
written as

8—>f.3—>gda = /82 f (829) do

Therefore
[ (@) = @) ao = [ ((3h) -0 @) ao
= /S 9h.0 (h— 0°h)do
= /82 Eﬁ.mda,

since Ry p) —h—l—(ASh) h—%:h—yh. O
4. Further remarks and problems
4.1. Curvature function of marginally trapped hedgehogs
In analogy to the cases of ordinary hedgehogs and convex bodies of R3, we will say

that a marginally trapped hedgehog Hoy, of L% has the curvature function R37 : S> — R
if its signed surface area measure

son: B(S?) 5 R
w— —/ (R%l)h) - Rh) do,
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where B (82) is the Borel algebra on S?, has Ry, as a density with respect to spherical
Lebesgue measure o. In other words, Hy, has the curvature function R% = —(R%l )~

Rh) = —i (Ry — RQ)Z, where Ry and R, are the principal radii of curvature of Hj,.

Proposition 3. Let h € C (SQ;R). The curvature function of the marginally trapped
hedgehog Hon of L* can be expressed in the form

Ry = 0h2 + Dh. (V o div) (a?) n % <(div %)2 — (divoV) (a??)) ,
where div stands for the divergence operator on S2.

This expression of Rz has to be compared with the following one, which gives an
expression for the curvature function of an ordinary hedgehog H;, of R3:

Ry, = h* + h(divoV) (k) + % ((tr Hp)? —tr (H;%)) ,

where tr stands for the trace operator and Hj is the Hessian of h. Of course, as for
ordinary hedgehogs of R?, we can define a mixed curvature function for marginally
trapped hedgehogs of L*:

— =
R: (87‘[)2 — C™ (52;R) y <6f,8g> — R(E)_},O_é) = (R(ﬂg) — R(l,f)R(Lg)) .
Proof of Proposition 3. We know that

1 1
Ry =—7 (1~ M) = 1 ((“" Hp)” —2tr (H,%)) v

where A1 and Ao are the eigenvalues of Hj. Now, in the present case, the classical
Bochner—Lichnerowicz—Weitzenbdck formula can be rewritten in the form

As (012) = 20h. (¥ o div) ((‘ﬁ) +tr (H2) + 2002,

where Ag = divoV is the Laplace Beltrami operator on S?. Combining the above for-
mulas yields the desired result. O

Now let us mention briefly how the curvature function of marginally trapped hedge-
hogs of L* is also involved in the volume of focal surfaces of ordinary hedgehogs of R3.
Let h e C* (SQ; R). The focal surface, say Fj,, of Hy, is defined as the locus of the centers
of principal curvature of H;, (or, which is equivalent, as the envelope of its normal lines).
In [8], we defined the volume of Fy, by:

0(Vh) == [ iz, (@) da.

R3
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where ir, (z) := 1 — $1;(z), denoting by v, (z) the number of oriented normal lines to
‘Hp, through z. Note that Fj, and hence its volume only depend on Vh. In fact, from [8,
Theorems 2 and 3], we have:

and the geometric inequality
AL (0h)® < 97w (Vh)?.
4.2. Minkowski problem for marginally trapped hedgehogs

When restricting to the class of convex bodies of R"*! whose surface area measures
have a density with respect to spherical Lebesgue measure, the classical Minkowski prob-
lem can be formulated as that of the existence, uniqueness and regularity of convex bodies
of this class whose curvature function is prescribed (see e.g. [13, Section 8.2] for more
details, results and a complete bibliography). This Minkowski problem admits a natural
extension to hedgehogs of R"*!, which we considered in [8]. The extension to hedgehogs
is much more difficult since it involves the study of a Monge-Ampeére equation of mixed
type (instead of a Monge-Ampére equation of elliptic type in the convex case). Since
we have defined the curvature function Ry of any marginally trapped hedgehog Hon
of L* by analogy to the cases of hedgehogs and convex bodies of R3, it is now natural
to consider the analogue of the Minkowski problem for marginally trapped hedgehogs
(modulo some slight changes in the statement, as in the Minkowski problem for ordinary
hedgehogs, due for instance to the fact that for any h € C* (S%;R), 0 (—h) and dh
are the respective support differentials of two marginally trapped hedgehogs Hg(_p,) and
Hap of L* that have the same curvature function Rm = R(ﬁ and are such that

Ho(—n)y = s (Han) ,

where s is the symmetry with respect to the origin in L*).

This problem is certainly very difficult since to solve it properly, it would be necessary
in particular to know if any convex closed and sufficiently smooth surface of R? admits
at least two umbilical points, that is, to have a complete solution to the Caratheodory
conjecture.
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